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55. (a) We are given that the demand function p is linear and p(27,000) = 10, p(33,000) = 8, so the slope is

ﬁp(}é’———fggﬁm = — 55 and an equation of the lineis y — 10 = (— 5855 ) (& — 27,000) =
y=p(z) = —3a57 + 19 = 19 — (z/3000).

(b) The revenue is R(z) = zp(z) = 19z — (£?/3000) = R'(z)=19— (2/1500) =0 whenz = 28,500. Since
R (x) = —1/1500 < 0, the maximum revenue occurs when z = 28,500 = the price is p(28,500) = $9.50.

56. (a) Let p(x) be the demand function. Then p(z) ié linear and y = p(z) passes through (20, 10) and (18, 11), so the slope is
—1 and an equation of the lineis y — 10 = —L1z-200 & y= —%x 4 20. Thus, the demand is p(z) = —3z +20
and the revenue is R(z) = zp(z) = —32° + 20z.

(b) The cost is C(z) = 6z, so the profit is P(x) = R(z) - C(z) = —~%2% + 14z. Then 0 = Pz)y=—-x+14 =
z = 14. Since P (z) = —1 < 0, the selling price for maximum profit is p(14) = —3(14) + 20 = §13.

57. (a) As in Example 6, we see that the demand function p is linear. We are given that p(1000) = 450 and deduce that
p(1100) = 440, since a $10 reduction in price increases sales by 100 per week. The slope for p is i‘ll——ggf%%a = ~%,
so an equation is p — 450 = — 3 (z — 1000) or p(z) = — <5z + 550.

(b) R(z) = zp(x) = —552° +550z. R'(z) = —12 4550 = 0 when z = 5(550) = 2750.
p(2750) = 275, so the rebate should be 450 — 275 = §175.
(©) C(z) = 68,000+ 150z = P(z)=R(z) - C(z) = — 3% + 5502 — 68,000 — 150z = —£ 2% + 400z — 68,000,
P'(z) =—2z+400=0 wheﬁ & = 2000. p(2000) = 350. Therefore, the rebate to maximize profits should be
450 — 350 = $100.
58. Let z denote the number of $10 increases in rent. Then the price is p(z) = 800 + 10z, and the number of units occupied is
100 — z. Now the revenue is
R(z) = (rental price per unit) x (number of units rented)

— (800 + 10z)(100 — ) = —10? + 200z + 80,000 for 0 < & <100 =

R'(z) = —20z+200=0 < z =10 Thisisa maximum since R (z) = —20 < 0 for all z. Now we must check the
value of R(z) = (800 + 10z) (100 — z) at z = 10 and at the endpoints of the domain to see which value of = gives the
maximum value of B. R(0) = 80,000, R(10) = (900)(90) = 81,000, and R(100) = (1800)(0) = 0. Thus, the maximum

revenue of $81,000/week occurs when 90 units are occupied at a rent of $900/week.

59. Here 52 = h2 4 b¥/4, s0 h® = s* — b?/4. The areais A = 3b+/s> — /4.
s s Let the perimeter be p, s0 25 +b=pors = (p — b)/2 =
h
A®)=Lb/(p—-0)Y4-b?/4= b+/p® — 2pb/4. Now
apy = VI bp/4 _ _ _—spb+p’
b 4 VP2 —2pb  4+/p*—2pb

Therefore, A'()) =0 = ~3pb+p’>=0 = b=p/3. Since A'(b) > 0forb < p/3and A'(b) < 0forb> p/3, there

is an absolute maximum when b = p/3. But then 25 +p/3 = p,s0 s = p/3 = s=b = the triangle is equilateral.
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that S'(m) < 0 form < — 1\3/5 and S'(m) > 0 form > — i/g Thus, S has its absolute minimum value when m = — §/2

That value is

o5

i

2 2 9 9
(a—}-bi/%) + (wa f/g—b) = (a+ v ab2> + (\/3 a2b+b)
= a2+ 2a3b2/% 1 o233 1 o M3RI3 4 0g2/3p8/3 LR — g2 4 3q/3p2/3 1 302/3pA/8 4+ b2

The last expression is of the form z° + 32%y + 32y +4° [= (z +v)°] withz = a*® and y = b*/3,

so we can write it as (a*/3 4- */®)® and the shortest such line segment has length v/S = (a®/® 4 5%/3)3/2,

5.y =1+40z° — 3z° = 4 = 1205 — 15z%, so the tangent line to the curve at = g has slope m(a) = 120a* — 15a*.
Now m/(a) = 240a — 60a® = —60a(a® — 4) = —60a(a + 2)(a — 2),s0m/(a) > 0 fora < —2,and 0 < a < 2, and
m/(a) < 0for —2 < a < 0anda > 2. Thus, m is increasing on (—oo, —2), decreasing on (—2, 0), increasing on (0, 2), and
decreasing on (2, 0o} . Clearly, m(a) — —oo as a — =00, s0 the maximum value of m(a) must be one of the two local
maxima, m(—2) or m(2). But both m(—2) and m(2) equal 120 - 2% — 15 - 2* = 480 — 240 = 240. So 240 s the largest

slope, and it occurs at the points (—2, —223) and (2, 225). Note: a = 0 corresponds to a local minimum of m.

C(z)

53. (a) If c(x) = —==, then, by Quotient Rule, we have ¢’(z) =
x

iﬁ_q(.’E‘)TQ—_C(fE).‘ Now c’(a:) ={ When .’EC/(CE) - C(.Z’) =0

and this gives C'(z) = Clz) = ¢(z). Therefore, the marginal cost equals the average cost.
z

() () C(z) = 16,000 + 200z + 42/2, C(1000) = 16,000 + 200,000 + 40,000 /10 ~ 216,000 + 126,491, so

C(1000) ~ $342,491. c(z) = C(z)/z = i’:@ + 200 + 4272, ¢(1000) ~ $342.49/unit. C’(z) = 200 + 62/,

C’(1000) = 200 + 60 v/10 ~ $389.74/unit.

(i) We must have C”(z) = c(z) < 2004 6z'/? = 1—6’399 +200+42Y% « 22%? =16,000 <«

z = (8,000)%/% = 400 units. To check that this is a minimum, we calculate

— 2 . . .
c(z) = ——}22999 + 7 = :c_22 (z/% — 8000). This is negative for z < (8000)%/® = 400, zero at z = 400,
T = .

and positive for z > 400, so c is decreasing on (0, 400) and increasing on (400, 0o). Thus, ¢ has an absolute minimurm

at z = 400. [Note: ¢’ (z) is not positive for all z > 0.]

(1ii) The minimum average cost is ¢(400) = 40 + 200 + 80 = $320/unit.

54. (a) The total profit is P(z) = R(z) — C(x). In order to maximize profit we look for the critical numbers of P, that is, the

numbers where the marginal profit is 0. But if P'(z) = R'(z) — C’(z) = 0, then R'(x) = C'(x). Therefore, if the profit

is a maximum, then the marginal revenue equals the marginal cost.

(b) C(z) = 16,000 + 500z — 1.6z* + 0.004z°, p(z) = 1700 ~ 7z. Then R(x) = zp(x) = 1700z — 72>, If the profit is

3 maximum, then R'(z) = C'(z) < 1700 — 14z = 500 — 3.2z +0.012z° & 0.012z° +10.8z — 1200 =0 <
z? 4 900z — 100,000 = 0 <« (z +1000)(z —100) =0 <> z = 100 (since z > 0). The profit is maximized if
P"(z) < 0, but since P"(z) = R"(z) — C"(z), we can just check the condition R”(z) < C”(z). Now

R'(z) = 14 < —3.2 + 0.024z = C"(z) for = > 0, so there is a maximum at z = 100.
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48. The distance from the refinery to P is now \/(6 — )2 +12 = /2% — 12z + 37.

Thus, C(z) = 422 — 122+ 37+ 8vVz2 +4 =

4(z — 6) n " 8w
VEZ Z12z 437 VzZ+4

C'(z) =0 = =z =1.12 [from agraph of C’ or a numerical rootfinder]. C(0) ~ 40.3, C(1.12) = 38.3, and

C'(z) =4-t(z? — 120+ 37)7/2(22 — 12) + 8 (2® +4)7/?(2z) =

C(6) = 54.6. So the minimum cost is slightly higher (than in the previous exercise) at about $3.83 million when P is

approximately 4.88 ki from the point on the bank 1 km south of the refinery.

3k k

49, 3k . The total illumination is I {x) = ) + =22’ 0 < z < 10. Then
—_——+— O_
) ot I'(z) = _—6’“+—2—k——-0 = 6k(10 ~2)® =2kz® =
: 10 1 T ozd 0 (10—2)8 N

310—-2z)° =4 = YBA0-z)=z = WIBZ-Br=z = 10B=z+V8z =

3
1093=(1+V3)z = m:%m&gﬁ. This gives a minimum since I’ (z) > 0 for 0 < z < 10.

50. Y , The line with slope m (where m < 0) through (3, 5) has equation y — 5 = m(z — 3) or
y = mx -+ (5 — 3m). The y-intercept is 5 — 3rn and the x-intercept is —5/m -+ 3. So the
triangle has area A(m) = (5 — 3m)(—5/m + 3) = 15 — 25/(2m) — Zm. Now

25

9 .
A’(m):—2—r——n—5—§:() & mP=2 = m=-%(sincern <0).
A”(m) = —% > 0, 50 there is an absolute minimum when m = —2. Thus, an equation of the lineis y — 5 = —5(z — 3)

ory = —§x+10.

51. Every line segment in the first quadrant passing through (a, b) with endpoints on the -

slope =m

P and y-axes satisfies an equation of the form y — b = m(z — a), where m < 0. By setting
{a, )
z = 0 and then y = 0, we find its endpoints, A(0, b — am) and B(a — £,0). The

distance d from A to B is given by d = \/[(a — &)~ 02+ [0 — (b—am)]?.

m

1t follows that the square of the length of the line segment, as a function of m, is given by

2ab b?

2
S(m) = (a — ;i—) + (am —b)? = a® — = + + a?m? — 2abm + b?. Thus,

m2
2
S'(m) = —29—212 - %5 +2a%m — 2ab = —2§(abm —b* 4+ a®*m* — abm?)
m?  m m

- ;12“3 [b(am — b) + am?®(am — b)] = ;f—g(am —b)(b + am®)

. . 2
Thus, $'(m) =0 < m=blaorm= —i/g. Since b/a > 0 and m < 0, m must equal ~</§ Since —5 < 0, we see
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15 km/h N Let ¢ be the time, in hours, after 2:00 M. The position of the boat heading south

w (B— T E at time ¢ is (0, —20t). The position of the boat heading east at time ¢ is

(—15 + 15¢,0). If D(¢) is the distance between the boats at time ¢, we

20 kb | minimize f(t) = [D(£)]? = 2022 + 15%(t — 1)
¢ v
f/(t) = 800t +450(t — 1) = 1250t — 450 = O when t = 22 = 0.36 h.

0.36 h x 5%1@ = 21.6 min = 21 min 36 s. Since f(¢) > 0, this gives a minimum, so the boats are closest together

at 2:21:36 pM.

2 —
Here T(z) = Y212 0~ % gopcs o Ta)e —2— — 20 & S82=6v75B o
6 8 6vz?+26 8

162° = 9(z* +25) & z= % But —1\/% > 5, s0 T has no critical number. Since 7°(0) =~z 1.46 and T'(5) ~= 1.18, he

should row directly to B.

B In isosceles triangle AOB, Z0 = 180° — § — 0, so ZBOC = 20. The distance rowed is
4 cos 8 while the distance walked is the length of arc BC = 2(26) = 46. The time taken

[ 26 !
A ) ¢ isgivenbyT(G):46289—1—429:2@504—9, 0<0< 3.

T'(0)=—2smf+1=0 & sinf=% = 0=

Check the value of 7" at ¢ = % and at the endpoints of the domain of T; that is, § = 0 and 6 = 5

T(0)=2T(%) =3+ I =226, and T'(3) = 5 ~ 1.57. Therefore, the minimum value of T'is £ when § = Z; that is,

the woman should walk all the way. Note that 7" (6) = —2cosf < 0for0 < 6 < 5,80 8 = % gives a maximum time.
There are (6 — ) km over land and +/z2 + 4 km under the river. : Reftnery P

‘We need to minimize the cost C' (measured in $100,000) of the pipeline.
Cla) = (6-2)(@) + (VaT4) (8) = V4 g
8 L 6 WM
C'(z)=—-4+8- %(9"2 -+ 4)”1/2(2‘%) = —4 4 ﬁ l Storage Tanks
x
Sz
C'z)=0 = d= e = V2244=20 = +4+4=47 = 4=322 = 2°=2% =
(@) - :

z =2/v/3 [0 <z < 6]. Compare the costs for = = 0, 2/+/3, and 6. C(0) = 24 + 16 = 40,
C(2/v3) =24~ 8/v/3 +32/v/3 =24+ 24//3 ~ 37.9, and C(6) = 0 + 8 v/40 = 50.6. So the minimum cost is about

$3.79 million when P is 6 — 2/+/3 = 4.85 km east of the refinery.
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zy = 180, so y = 180/xz. The printed area is

32. Y
2
1 (z — 2)(y — 3) = (z — 2)(180/z — 3) = 186 — 3z — 360/x = A(z).
y_3x“2 y ‘ Al(z) = —3+360/2® =0whenz® =120 = = =2+/30. This gives an absolute
1] L1
I maximum since A’(z) > 0 for 0 < z < 2+/30 and A’(z) < 0 forz > 2 /30. When
1
* z = 2+/30,y = 180/(2 /30 ), so the dimensions are 2 +/30 in. and 90/ /30 in.
33, - 10 : A Let 2 be the length of the wire used for the square. The total area is
x 10—x
z\2  1/10—-z\v3/10-=z
_ Alz) = _> Z v
D e - G225
0o =122+ 2(10-2)%, 0Kz <10
Lo B0-2)=0 & So+38c-2L -0 & o=% Nowa0)= (¥2)100 ~ 481,

Al(z) =

A(10) = % — 6.25 and A(g‘fﬁg) ~ 2.72, 50

(a) The maximum area occurs when z = 10 m, and all the wire is used for the square.

.. 40V
(b) The minimum area occurs when = 3 W 4.35 m.

9 . 2 2 2 .
%) w<10 m) R U N PP T)

. 10 ., Tot i = (— =
¥ . — otal area is A(x) 1 o 16 yp
10—=x 1 1 5
x AI — g - = JUS— — ———— == = .
D4 @ (=) 8 2T <2W+8>$ 0 0 = z=40/(4+m)
_lo-
r=" A(0) = 25/ = 7.96, A(10) = 6.25, and A(40/(4 + )} & 3.5, so the maximum

occurs when z = 0 m and the minimum occurs when z = 40/(4 -+ 7) m.

The volume is V = wr>h and the surface area is

S
4 2
S(r) = 7r? + 2mrh = 7t +2m'<-l-;> = 7r? 4+ _TK
72

S'(r) = 2nr — T =

9
:

Vo = o=V = r=

3

NE

3|V ,
This gives an absolute minimum since S'(r) < 0 for 0 <r < -7/; and S'(r) > Oforr >

Whenr__dw,h—ma—w( /7r)2/3— 7rcm.

<
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29, é The cylinder has surface area

2(area of the base) + (lateral surface area) = 27 (radius)? + 2m(radius)(height)
= 21y + 2my(2x)

k Nowz?+3° =12 = y?=r>—-2 = y=+/r2— 22 sothe surface area is

=
S(z)=2n(r* —a*) + dnz/r2—22, 0<z<r
= 2r? — 2?4+ 4o (z m)
Thus, S'(z) =0 — 4wz + 4w {:r A - 2?) "2 (—2z) + (r? — 2?)V/2. 1]

2 . fr2 2 2 2 __ .2
:4#[—$——ic———+\/r2~z2 SRy LA L s troz

N 72 — 12
{
S'(z)=0 = zVrP—a22=r>-22" (x) = (¢Vr?—z? )2 =(r*-2%° =

2?(r? - 2¥) =1 —4r?s® 442 = P ot =t - 4% + 42t = 53t - 5rPr® 4+t =0

This is a quadratic equation in z°. By the quadratic formula, z? = %@7"2, but we reject the root with the + sign since it

doesn’t satisfy (x). [The right side is negative and the left side is positive.] Soz = 4/ % 7. Since S(0) = S(r) =0, the
maximum surface area oceurs at the critical number and 2* = 5—”1—8—/—51"2 = =1 %TQ = i‘*ﬁﬁrz =

the surface area is

27T(5 10\/-5)7“2 +dr V 5_16/5 V : 10 *r? = mr? {2' 54;5/5 +4 (5w\/5)(5+\/3)} = 7r? [_+_5 5\/5' + z\éﬁ]

10

S :7”"2[5%/5;2-2\/5] :mnz[sissx/%] = a2 (14 V5).

30. N Perimeter =30 = 2y+4x+ w(g) =30 =
2
3 y = % (30 -z — ZF—ZE) =15— g — er The area is the area of the rectangle plus the area of
b y the semicircle, or zy + %w(%) ,50 A(z) = 93(15 - ; _ %) + ira? = 15z — L2% — Zo2.
bl x ’
i ! N |
5 ; Az)=15-(1+5)z=0 = mzl_:}——?;ﬁ :Z%' A”(m):—<1+z—> < 0, so this gives a maximum.
| |
1 The dimensions are z = _60_ ftandy = 15 — 30 lom = 60 + 157 — 30 — 157 = 30 ft, so the height of the
4+ 44+7 447 447 4+

rectangle is half the base.

Ty =384 = vy =384/z. Total areais
A(z) = (8 + z)(12 + 384/x) = 12(40 + z + 256/x), so

31. 1
6
|

=4 ¥ y+12 A'(z) = 12(1 — 256/x%) =0 => z = 16. There is an absolute minimum

L = when z = 16 since A’(z) < 0for0 < z < 16 and A'(z) > 0 forz > 16.

| x+8 When z = 16, y = 384/16 = 24, so the dimensions are 24 cm and 36 cm.
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24, Y The rectangle has area A(z) = 2zy = 22(8 — 2°) = 16z — 22°, where
y=8—x?
Ny 0<e<2VENowA(s) =16 -6z =0 = z=2,/2 Since
x Y.
y A(0) = A(2+/2) = 0, there is a maximum when z = 2 \/g Theny = 18,
/ \ so the rectangle has dimensions 4 \/g and 13—6.
0 X
25. T The area of the triangle is
Alz) = 3(2t)(r + z) = t(r + ) = V/r% — 22(r + z). Then

—2z —2z
0=4' =r——=t Vgt
L N | O T

2
. "+ rz %

2
Ttz 2 2_ .2 2 2

———=Vri—2? = 4rr=r"-2° = 0=22+4+rz-1"=2z~7r)(z+7) =
G (22— r)(a +7)
z=4rorz=—r.Now A(r) = 0= A(—r) = the maximum occurs where z = ir,s0 the triangle has height
r+ir=2randbase 24/r2 — (3r) =2,/3r2 = /31,

I The rectangle has area zy. By similar triangles 379 = % =
z
13-y —4y+12=3zory = —3z+ 3. Sothe area is
3
J y * Alzg) =z(~22+3) = —22” + 3z where 0 < z < 4. Now
X

0=A"(z)=~-2z+3 = z=2andy=2. Since A(0) = A(4) =0,

the maximum area is A(2) = 2(2) = 3 cm®.

2 2 2

6 " The cylinder has volume V = 7y°(2z). Alsoz® +42 =77 = 3% =7r% — 2%, s0

V(z) = n(r® — 2%)(2z) = 27 (r’z — ), where 0 < = < 7.

! Vi(z)=2n(r*—32%) =0 = z=r/A/3. NowV(0)=V(r)=0,sothereisa

e
By similar triangles, y/z = h/r, so y = hz/r. The volume of the cylinder is
A\ nz?(h — y) = mha? — (th/r)z® = V(). Now
(5 h V'(z) = 2nhz — (3nh/r)2? = wha(2 — 3z /7).
SoV'(z) =0 = =z =0o0rz= 3r. The maximum clearly occurs when
z = %r and then the volume is
e

whz? — (rh/r)z® = tha®(1 — z/r) = w(%r)Z R(1—2) = Znr’h

maximum when z = rA/3 and V (r/V/3) = w(r® —~r?/3)(2r /3) = 4mr®/ (3/3).

373
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20. y The distance d from (1, 1) to an arbitrary point P(x,y) on the curve
Plx,y)
1,1

y=tanzisd = +/(z — 1)2 + (y — 1)? and the square of the distance is

S=d?=(z-1)%+ (tanz —1)%. & =2(z — 1) +2(tanz — 1) sec? .

y=1tanx x
Graphing 5" on (~%, ) gives us a zero at = ~ 0.82, and so tanz = 1.08.
The point on y = tan z that is closest to (1, 1) is approximately (0.82, 1.08).
x=~% x=F

21, /\ The area of the rectangle is (22)(2y) = 4zy. Also 7% = 22 +4° s0

oz y = /1% — 22, so the area is A(z) = 4z /r2 — z2. Now
P 312 — 2 2
Az)=4({ViT—2% — ———— ) =4 -2ZL_ The critical number is
72 — 2 r? — g2
\_/ T = %r. Clearly this gives a maximum.
2
y=4/r% — (%T) = %rz = —%r = x, which tells us that the rectangle is a square. The dimensions are 2z = /21
and 2y = V2.
22 y The area of the rectangle is (22)(2y) = 4zy. N x_2 f—“l i
. o gle is (2z)(2y) = 4zy. Now a2+b2 = 1 gives
(x, ) b b
/ 4T g = —+va? — 22, so we maximize A(z) = 4—z va? — z2.
- . a a
4b 1( 2y-1/2 2 2y1/2
E[a: L(a?® — 2212 (=22) + (a® — 2?) -1]
4
_4b (a% — 22~ 1/2[ 2?4 a? - g? = b 0% — 227
a ava® —z?

So the critical number is x = —\}—5 a, and this clearly gives a maximum. Then y = % b, so the maximum area

is 4(% a) (% b> — b,

23. The height h of the equilateral triangle with sides of length I is @ L,

—

since A2 + (L/2)° =17 = h*=L[*-112=312 =

V3
2L V3 V3
2 2L — =L
=3 ing simi ; 2 y_zt+ _
= l h = 2= L. Using similar triangles, =~ 1a V3 =
y
F L | \/?::E:l/———_L y = y_~—\/:L V3z = y:—\é—g(L~2m).

The area of the inscribed rectangle is A(z) = (2z)y = V3z(L — 2z) = V3 Lz — 2v/32° where 0 < ¢ < L/2. Now
0=A'(z) =v3L 43z = z= V3L/(4v/3) = L/4. Since A(0) = A(L/2) = 0, the maximum occurs when

z=L/4 andy = -‘é—gL — ‘/TgL = ?L, so the dimensions are L/2 and @L.
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15. 10 = (2w)(w)h = 2wk, so h = 5/w?. The cost is

C(w) = 10(2w?) + 6[2(2wh) + 2hw] + 6(2w?)
= 32w? + 36wh = 32w? 4 180/w

2w

C'(w) = 64w ~ 180/711)2 = 4(16w® — 45)/w® = w = {4 is the critical number. C’(w) < 0for0 < w < /45 and
C'(w) > 0 forw > {/%2. The minimum cost is O( g :;g) = 32(2.8125)*/% ++ 180 /v/2.8125 = $191.28.

16. (2) Let the rectangle have sides x and y and area A, so A = zy ory = A/z. The problem is to minimize the
perimeter = 2z + 2y = 2z + 2A/z = P(z). Now P'(z) = 2 — 2A/2” = 2(z® — A) /2. So the critical number is
x = +/A. Since P'(z) < 0for0 < z < +v/Aand P'(z) > 0 for z > v/A, there is an absolute minimum at z = v/A.
The sides of the rectangle are v/ A and A/+/A = /A, so the rectangle is a square.
(b) Let p be the perimeter and x and y the lengths of the sides, sop =22+ 2y = 2y=p—2z = y= %p - .
Theareais A(z) = z(3p—z) = jpz — 2 Now A'(z) =0 = Lp—20=0 = 2z=1p = = ip. Since
A"(z) = —2 < 0, there is an absolute maximum for A when = %p by the Second Derivative Test. The sides of the

rectangle are p and p — $p = $p, so the rectangle is a square.

17. The distance from a point (z,y) on the line y = 4z + 7 to the origin is /(z — 0)2 + (y — 0)2 = /22 + y2. However, it is

2

easier to work with the square of the distance; that is, D(z) = <\/ 2 4y ) =z +9y* = 2® + (4z + 7)*. Because the
distance is positive, its minimum value will occur at the same point as the minimum value of D.
D'(z)=2z+24x+7)(4) =34z + 56,50 D'(x) =0 & z=-2.

D"(z) = 34 > 0, so D is concave upward for all z. Thus, D has an absolute minimum at z = —22. The point closest to the
originis (z,y) = (- 2,4(-2)+7) = (- &, &).
18. The square of the distance from a point (z, y) on the line y = —8z -+ 9 to the point (—3,1) is
Dix)=(z+3)2+ -1 =(=x+3)2+(-62+8)°= 372 — 90z + 73. D'(z)=T4x — 90,50 D'(z) = 0 &
T = ;—:?.. D"(z) =74 > 0, so D is concave upward for all z. Thus, D has an absolute minimum at z = £5. The point on the

line closest to (—3,1) is (52, 82}

19. Pix, y) y From the figure, we see that there are two points that are farthest away from

A(1,0). The distance d from A to an arbitrary point P(z,y) on the ellipse is

d = +/(z — 1)? + (y — 0)? and the square of the distance is

S=d’=a*-22+1+y* =2~ 22+ 1+ (4~ 42%) = -3z ~ 2z + 5.

dx*+y*=4
Ty S =—-6z—2and S =0 = w:—%.NowS”:—6<0,soweknow

that S has a maximum at z = —~-§—. Since -1 <z <1, 5(-1) =4,

S(—3) = 2, and S(1) = 0, we see that the maximum distance is 4 /2. The corresponding y-values are

y=+1/4—4(—1Y = £,/22 = £ /2 ~ +1.89. The points are (1, 4 /2).



370 O CHAPTER4 APPLICATIONS OF DIFFERENTIATION

(b) Let = denote the length of the side of the square being cut out. Lety x

denote the length of the base.

(¢) Volume V' = length x width x height = V =y -y-z= zy?

(d) Length of cardboard =3 = z+y+r=3 = y+2z=3

(y+2c=3 = y=3—-2¢ = V(z) = (3 — 2z)*
O V(z) = (3 — 2z)* =
Vi(z) = - 2(3 — 2z)(—2) + (3 —22)* - 1 = (3 — 2z)[~4z + (3 — 2z)] = (3 — 2z)(—bz + 3),
so the critical numbers are T = % and z = % Now 0 <z < g and V'(0) = V(%) = 0, so the maximum is

V(3) = (3)(2)* = 2 ft°, which is the value found from our third figure in part (a).

11. zy = 1.5 X 108, so y = 1.5 x 10%/z. Minimize the amount of fencing, which is

3z + 2y = 3z + 2(1.5 x 10%/z) = 3z + 3 x 10%z = F(z).

F'(z) =3 — 3 x 108/2% = 3(z” — 10%)/2®. The critical number is = 10 and

y F'(z) < 0for0 <z < 10° and F'(z) > Oifz > 10%, so the absolute minimum
occurs when z = 10% and y = 1.5 X 10°.

The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field.

12. Let b be the length of the base of the box and h the height. The volume is 32,000 = b*h = k= 32,000/ b2

The surface area of the open box is S = b* + 4hb = b? + 4(32,000/b*)b = b* + 4(32,000) /b.
So S'(b) = 2b — 4(32,000) /b = 2(b ~ 64,000) /6> =0 <« b= /64,000 = 40. This gives an absolute minimum
since S'(b) < 0if0 < b < 40 and S'(b) > 0 if b > 40. The box should be 40 x 40 x 20.

13. Let b be the length of the base of the box and h the height. The surface area is 1200 = b>+4hb = k= (1200-b)/(4b).
The volume is V = b%h = b%(1200 — b?)/4b = 300b — b%/4 = V'(b) = 300 — §b°.
V/(6)=0 = 300=3p* = b =400 = b=+/400=20. Since V'(b) >0for0 <b < 20and V/(b) < 0 for

b > 20, there is an absolute maximum when b = 20 by the First Derivative Test for Absolute Extreme Values (see page 324).

Ifb = 20, then h = (1200 — 20?)/(4 - 20) = 10, so the largest possible volume is b?h = (20)%(10) = 4000 cm®.

14, V =lwh = 10= (2w)(w)h = 2w?h,soh=5/w’.

The cost is 10(2w?) + 6[2(2wh) + 2(hw)] = 20w® + 36wh, so

C(w) = 20w? + 36w (5/w?) = 20w” + 180/w.

2w

C'(w) = 40w — 180/w® = 40 (w® — §)/ w o= w= f/g is the critical number. There is an absolute minimum

for C when w = i‘/gsinceC'(w) <0for0<w< i/gandC'(w) > 0 for w > \3/%.

c({/%) - 20(3/%)2 + \3}2% ~ $163.54.
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6. If the rectangle has dimensions  and y, then its area is zy = 1000 m?, so iy = 1000/z. The perimeter

P = 2z + 2y = 2x + 2000/z. We wish to minimize the function P(z) = 2z + 2000/z for z > 0.
P'(z) = 2 —2000/2” = (2/3:2)'(m2 — 1000), so the only critical number in the domain of P is = = 1/1000.
P"(z) = 4000/z* > 0, s0 P is concave upward throughout its domain and P (+/1000 ).= 4 /1000 is an absolute minimurm

value. The dimensions of the rectangle with minimal perimeter are z = y = /1000 = 10 /10 m. (The rectangle is a square.)

. kN
7. We need to maximize Y for N > 0. Y(N) = TN
1+ Nk —kN@2N) k(1-N?* kQ+N)(1-N
vy = (1)+N2)2< >:(1(+N2)2): ((1+)15ﬂ)2 ) Y/(N)> 0for0 < N < 1and Y/(N) <0

for N > 1. Thus, Y has an absolute maximum of Y (1) = sk at N = 1.

. 1007
> . = —————
8. We need to maximize P for I > 0. P(I) iI+4
P(I) = (I? + I +4)(100) — 1001 (21 +1) _ 100(I* +I+4—2I" —I) —=100(I*> —4) —100(J + 2)(I - 2)
- (I2 + 1 +4)? N (I2 +1+4) T2+ T+4)2 T (I I44)2

P'(I)>0for0< I <2and P'(I) <0for I > 2. Thus, P has an absolute maximum of P(2) = 20at I = 2.

9. (a)

50 100 120

250

125
75

The areas of the three figures are 12,500, 12,500, and 9000 ft*. There appears to be a maximum area of at least 12,500 fi2,

(b) Let x denote the length of each of two sides and three dividers.

Let 3 denote the length of the other two sides. x

(c) Area A = length x width =y - =
(d) Length of fencing = 750 = 5z + 2y = 750 Y
() 5x+2y =750 = y=375-2z = A(z)= (375— 2z)z =375z — 3z°

(f) A'(z) =375 -5z =0 = =z =75 Since A”(x) = —5 < 0 there is an absolute maximum when = = 75. Then

y = %‘i = 187.5. The largest area is 75 (%i) = 14,062.5 ft. These values of = and y are between the values in the first

and second figures in part (a). Our original estimate was low.

10. (a)

—
EN[)
ISIE

N

IS
w

The volumes of the resulting boxes are 1, 1.6875, and 2 ft®. There appears to be a maximum volume of at Jeast 2 iad
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4.7 Optimization Problems

1.

2.

(a) We needn’t consider pairs where the first number
First Number | Second Number | Product . . -
i8 larger than the second, since we can just

1 22 22 ,
9 21 49 interchange the numbers in such cases. The
3 20 60 answer appears to be 11 and 12, but we have
4 19 76 considered only integers in the table.
5 18 90
6 17 102
7 16 112
8 15 120
9 14 126

10 13 130

11 12 132

(b) Call the two numbers z and y. Then z + y = 23, so y = 23 — z. Call the product P. Then
P =gy = %(23 — z) = 23z — 27, s0 we wish to maximize the function P(z) = 23z — 2. Since P'(z) =23 - 2z,
wesee that P'(z) =0 < z = 2 =11.5. Thus, the maximum value of P is P(11.5) = (11.5)* = 132.25 and it
oceurs whenz =y = 11.5.
Or: Note that P”(z) = —2 < 0 for all z, so P is everywhere concave downward and the local maximum at z = 11.5

must be an absolute maximum.

The two numbers are z + 100 and . Minimize f(z) = (z + 100)z = z* + 100z. fl(#)=204100=0 = z=—50.

Since f”(x) = 2 > 0, there is an absolute minimum at z = —50. The two numbers are 50 and —50.
1 L ? - iy
. The two numbers are z and ——29, where z > 0. Minimize f(z) = z + %Q flz)=1- % = gc__}gl_OQ The critical

number is z = 10. Since f'(z) < 0 for0 < z < 10and f'(z) > 0 for z > 10, there is an absolute minimum at z — 10.

The numbers are 10 and 10.

- Letz > O and let f(z) = = + 1/z. We wish to minimize f(z).

Now f/(z) =1 - . i( o) = m—l2(a: + 1)(z — 1), so the only critical number in (0, co) is 1.

2 z?
f(z) <0for0 <z <1land f'(z) > 0forz > 1,s0 f has an absolute minimum at z = 1,and f(1) = 2.
Or: f'(z) =2/2* > 0 forallz > 0, so [ 1s concave upward everywhere and the critical point (1,2) must correspond to a

local minimum for f.

. If the rectangle has dimensions z and v, then its perimeter is 2 + 2y = 100 m, so y = 50 — z. Thus, the area is

A= zy = z(50 — z). We wish to maximize the function A(z) = (50 — z) = 50z — 22, where 0 < z < 50. Since
A'(z) =50 — 2z = —2(z — 25), A'(z) > 0for 0 < = < 25 and A'(z) < 0 for 25 < < 50. Thus, A has an absolute

maximum at z = 25, and A(25) = 25? = 625 m>. The dimensions of the rectangle that maximize its area are z = y = 25 m.

(The rectangle is a square.)




